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N TWO PREVIOUS papers? ? the authors have discussed

in detail the inadequacy of the classical theory of
thin shells in explaining the buckling phenomenon of
cylindrical and spherical shells. It was shown that
not only the calculated buckling load is 3 to 5 times
higher than that found by experiments, but the ob-
served wave pattern of the buckled shell is also different
from that predicted. Furthermore, it was pointed
out that the different explanations for this discrepancy
advanced by L. H. Donnell® and W. Fliigge* are unten-
able when certain conclusions drawn from these ex-
planations are compared with the experimental facts.
By a theoretical investigation on spherical shells! the
authors were led to the belief that in general the
buckling phenomenon of curved shells can only be ex-
plained by means of a non-linear large deflection theory.
This point of view was substantiated by model experi-
ments on slender columns with non-linear elastic sup-
port.2 The non-linear characteristics of such structures
cause the load necessary to keep the shell in equilib-
rium to drop very rapidly with increase in wave ampli-
tude once the structure started to buckle. Thus, first
of all, a part of the elastic energy stored in the shell is
released once the buckling has started; this explains
the observed rapidity of the buckling process. Further-
more, as it was shown in one of the previous papers?
the buckling load itself can be materially reduced by
slight imperfections in the test specimen and vibrations
during the testing process.

In this paper, the same ideas are applied to the case
of a thin uniform cylindrical shell under axial com-
pression. First it is shown by an approximate calctila-
tion that again the load sustained by the shell drops
with increasing deflection. Then the results of this
calculation are used for a more detailed discussion of
the buckling process as observed in an actual testing
machine.
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STRESSES IN THE MEDIAN SURFACE AND THE
EXPRESSION FOR THE ToOTAL ENERGY OF THE SYSTEM

Let x and y be measured in the axial and the cir-
cumferential direction in the median surface of the
undeformed cylindrical shell and #, v and w be the com-
ponents of displacement of a point on the median sur-
face of the shell in the x-direction, the y-direction and
the radial direction (Fig. 1). Then at an arbitrary
point in the median surface the unit strains in the x and
y-directions, ¢, ¢, and the unit shear v,, can be ex-
pressed in the following forms, including terms up to
second order:
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R is the radius of the undeformed median surface of the
shell. The stresses and the strains in the median sur-
face of the shell are, however, related to each other by
the following equations:
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where £ is Young’s modulus of elasticity and » is
Poisson’s ratio. Therefore, by substituting Eq. (1)
into Eq. (2), the following connections between the
components of stress in the median surface and the
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components of displacement of the median surface are
obtained:
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It is generally accepted that the conditions of
equilibrium between the stresses acting in the median
surface of a thin shell can be approximately expressed
by the equations used for flat plates:
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This pair of equations can be satisfied by introducing

the well known Airy’s stress function, F(x, y), defined
by the relations
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Eliminating the variables % and v in Eqgs. (3) and (5)
the following relation between Airy’s stress function
F(x, y) and the radial component of the displacement,
w is obtained:
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This equation expresses the condition of compatibility
between stress and strain. When R — o, it reduces
to the corresponding equation for a flat plate derived
by the senior author.® L. H. Donnell® first obtained
Eq. (6) in its present form. With a given distribution
of the radial component of the displacement, w, Eq.
(6) gives the induced stresses in the median surface
of the shell.

For one complete wave panel, the extensional elastic
energy W, corresponding to these stresses can be
written as

W, —~4f/[(ax+ffy)2—

~‘(1 + V)(a'xo'y - Txyz)]da dy (7)

where ¢ and b are the half wave lengths in the axial and
the circumferential directions, respectively.

To calculate the elastic energy of bending, it is neces-
sary to find the expressions for the change of curvatures
and the unit twist of the median surface. In this
paper, the following simplified expressions will be used:
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In Eq. (8), certain additional terms in x, and x,, in-
volving v are neglected. It was shown by L. H. Don-
nell® that if the terms retained in Eq. (8) are considered
as of the order one, the neglected terms are of the
order 1/n2, where n is the number of waves in the
circumferential direction. For thin cylindrical shells,
the value of # is around 10; therefore the neglection is
justified. With these expressions for the change of
curvatures and the unit twist of the median surface,
the bending energy W. for one complete wave panel

can be written as

We = 24_(1—1/2) ff[{gj:: a;zf}a_
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The virtual work of the force applied on the end of
the cylindrical shell can be calculated as the product of
the applied force and the change in length of the shell.
Therefore the following expression is obtained for one
complete wave panel:

W3=4tf(ax)x ,,dyf—dx

The equilibrium condition of the shell can be ob-
tained either by equating the first variation of the
difference between the sum of the energies W; and W,

(10)
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and the virtual work W; to zero, or by actually analyz-
ing the moments and the stresses in the median sur-
face of the shell. Using the approximations stated
previously, Donnell® derived the equilibrium equation
as
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where p is the external radial pressure on the surface of
the shell. In the case concerned, p = 0, then using
Eq. (5), the second equation connecting Airy’s stress
function F(x, v) and the radial component of dis-
placement w is obtained as
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When R — o, Eq. (12) reduces to the corresponding
equation for a flat plate.

There are two different ways to solve the problem
of buckling of a thin uniform cylindrical shell under
axial compression. The more exact method is to solve
Eqgs. (6) and (12) simultaneously, using appropriate
boundary conditions. The approximate method is to
first assume a plausible function for w, with undeter-
mined parameters and then use Eq. (6) to determine the
stresses in the median surface of the shell. The ex-
pressions Wi, W, and W; can then be calculated by
means of Egs. (7), (9) and (10). The undetermined
parameters can be ascertained by the condition that
W, + W, — W, must be a minimum. This approxi-
mate method will be used in the following calculations.

CALCULATION OF THE ToTAL ENERGY

To obtain a plausible form for w, one has to resort
to the experimental results. It is observed that, for
large values of the wave amplitude, the waves show a
so-called diamond shaped pattern. This particular
wave shape can be approximately expressed by

Wy (mx + ny) ny)

~— = cos? cos? (mx —

R 2R 2R
where the squares are introduced to account for the
fact that the shell has a definite preference to buckle
inward. Eq. (13) can be re-written as
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On the other hand, the classical theory which is cor-
rect for infinitesimal values of the wave amplitude re-
quires the wave to be of the form
2 cos X cos 2
R R R
In order to satisfy this requirement, the wave form as-
sumed in the following calculation is

%— <f —|—fl>+f1<cos——3—ccos y-l—

(15)
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where fo, f1, fo are unknowns to be determined by the
minimum condition given above; f, is introduced in
order to allow the shell to expand radially. The ampli-
tude of the wave pattern defined as the maximum
difference in the radial deflection w is evidently given
by fi. The wave lengths in the axial and the circum-
ferential direction are 27R/m and 2wR/n, respectively.
Hence the number of waves along the circumference
of the shell is equal to #. Itis evident that no end effect
can be accounted for by this form of wave pattern,
and therefore the following calculation really corre-
sponds to the case of a very long cylindrical sheli.
This simplification is justified by the experimental
findings of N. Nojima and S. Kanemitsu as reported
in a previous paper.? It was found that there is no
appreciable length effect when the length of the cylin-
drical is greater than 1.5 times the radius of the shell.
Furthermore, it is seen that by setting fo = fo = 0,
Eq. (16) is reduced to Eq. (14); while by setting
(fi/4) + (f2/2) = 0 and fo + fi/4 = 0, Eq. (16) is
reduced to Eq. (15). With other values of these
parameters, wave patterns intermediate between these
two limits can be obtained.

Substituting Eq. (16) into Eq. (6), the differential
equation for Airy’s stress function F(x, ) is obtained:
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where p = m/n, the “aspect ratio” of the waves. If
¢ > 1, the waves are longer in the circumferential
direction; if u < 1, the waves are longer in the axial
direction. The coefficients in Eq. (17) are given by the
following relations:
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The solution of Eq. (17) can be easily obtained as
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Using Eq. (5), the stress components in the median
surface can be written as
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In all experimental work, the data are usually ex-
pressed in terms of the average compression stress o
in the axial direction. It can be easily seen from Eq.
(20) that

(20)
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Using Eq. (3), the following expressions for Ou/dx
and v/ 0y can be obtained:
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By substituting Eqs. (16) and (20) into Eq. (22), it is
found that
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Since v is measured along the circumference of the shell,

v must be a periodic function of y; therefore, the con-
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This condition determines «.
Using Egs. (7), (20) and (24), the extensional energy
W, of the shell is obtained as
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Using Egs. (9) and (16), the energy of bending W.
of the shell can be calculated as
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The virtual work of the applied force can be ob-
tained by means of Egs. (10), (20), (23) and (24).
The result is
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RELATION BETWEEN THE COMPRESSION STRESS AND THE
AMPLITUDE OF WAVES

To find the relation between the average compression
stress and the amplitude of the waves, the conditions
which will make the expression Wy, + W, — W; a
minimum have to be obtained. It was found that the
calculations can be simplified to a certain extent by
first using the condition that the sum of energies must
be minimum with respect to fo. Or

Wi+ W — Wy =0 (28)

o

oo
This condition determines a relation between f; and fi,
Jf2, which can be written as:

fo+ 35 = n(&f + g fih + T%ff) — v (29)
Using this relation and Eq. (24), it is easily seen that
a = 0.. In other words, the shell will expand radially
to such an extent that the average of the circumferential
stress o, is equal to zero. Substituting Eq. (29) into
the expressions for Wi, W, and W3 as given by Egs.
(25), (26) and (27) and using Eq. (18), the elastic
energy of the system minus the virtual work is ex-
pressed finally in the following form:
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The equilibrium conditions are then obtained by dif-
ferentiating this expression with respect to fi and f,
and then set those derivatives equal to zero. The
results can be written in a simpler form by introducing
the following parameters:
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where § is the wave amplitude of the buckled shape of
the cylindrical shell. Then the equilibrium conditions

are
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Eliminating oR/Et from the above equations, the

following equation for p is obtained
Asp® + Aop? + Aip+- 4y =0 (33)

where the coefficients are
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Therefore, when § = 0, 1.e., when the wave amplitude
approaches zero Eq. (32) gives 4; = 43 = 0; and
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Substituting into Eq. (31) it is seen that p = —1!/,, or

fa = —1'2f1. Putting this relation between f; and f»
into Eq. (14), the wave pattern is reduced to that repre-
sented by Eq. (13), i.e., the wave pattern for infinitesi-
mal wave amplitude given by the classical theory.

With a given value of p and 1, the coefficients for
various values of the wave amplitude £ can be first
calculated by using Eq. (34). Then Eq. (33) can
be solved for p corresponding to this particular set of
values of u and ¢ at various wave amplitude ¢£. When
the value of p is known, Eq. (32) can be used to calcu-
late the corresponding value of the ‘“reduced com-
pression stress,” ¢R/Et. It is found, however, that
the following expression which is obtained from Eq.
(30) by eliminating the third powers of p is more suit-
able for numerical computations:
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Therefore, when &£ — 0, <.e., when the wave amplitude
becomes very small, Eq. (35) reduces to

oR 1 u? 1 1
<Et>g_>0 T T S R

7 (1 + u?)?

The minimum value of the average compression stress
g is given by

oR 1
Min. (Et>£—>0 = \/'—3'———(1 — 9 (37)

which is the well known result from the classical theory
of infinitesimal deflections. This minimum value is
obtained when
2)2 e
S T (38)
It is interesting to notice that for infinitesimal wave
amplitude, the minimum value of average compression
stress occurs for an infinite number of pairs of the
values of the parameters # and u, for which the com-
bined parameter shown in Eq. (38) has the same value.
Numerical computations were carried out for two
values of the parameter y, the ratio of the wave lengths
in circumferential direction and in axial direction.
These values of p are 1 and 0.5. The value 1 was
chosen because the experiments indicate that at large
values of wave amplitude, the diamond waves have
almost equal sides. The value 0.5 was chosen to in-
vestigate the possibility of occurrence of narrow
waves. The results of these computations are shown in
Fig. 2 and Fig. 3, where the reduced compression stress
oR/E¢ is plotted against the wave amplitudes £. The
parameter in the figures is 5. The values written in
the parenthesis after 5 are the actual number of waves
n in circumferential direction for R/t = 1000. For given
values of 5 and p, 7.e., a fixed side of the wave, the load
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Fi1c. 2. Reduced compression stress oR/E! against
amplitude of waves ¢ = §/¢, for p = 1.00 and different
number of waves in circumferential direction.
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Fic. 3. Reduced compression stress oR/Ef against
amplitude of waves ¢ = §/¢, for p = 0.50 and different
number of waves in circumferential direction.
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sustained by the shell, ¢ R/E¢ first decreases as the wave
amplitude, £, is increased. After a minimum is reached,
the load will rise with increase in wave amplitude.
When the waves are larger, the initial buckling load,
i.e., the value of ¢R/Et at ¢ = 0, is higher. However,
the minimum load reached tends to a lower value,
except for 7 < 0.169 and p = 1. For u = 0.5, the
lowest value of the minimum load is not yet reached at
7 = 0.081.

THE RELATION BETWEEN THE COMPRESSION STRESS
AND THE SHORTENING OF THE SHELL IN THE AXIAL
DIrRECTION

Although the load characteristic of the cylindrical
shell shown in the Figs. 2 and 3 gives the possible
equilibrium relations between load and amplitude of
the deflection wave, the actual behavior of a speci-
men in a testing machine cannot be directly seen from
these figures. In a testing machine, the only factor
under the control of the operator is the distance be-
tween the end plates; this is the geometrical restraint
with which the specimen must conform. Therefore,
in order to determine the behavior of the specimen the
compression stress will have to be plotted as function
of the end shortening. The unit end shortening, e,
i.e., the total shortening in one wave length of the
shell in axial direction divided by the wave length, can
be easily calculated from Eq. (23). It is found that

R R 2

=g e e + Z) (39)
This equation for the unit end shortening contains only
quantities already found such as the values of p and
oR/Et. In Figs. 4 and 5, cR/Et is plotted against
eR/t for p = 1 and p = 0.5, respectively. It is im-
mediately clear from these two figures that if the
buckling process follows the curves drawn, after the
shell starts to buckle the end shortening has to de-

crease. In other words, the end plates of the testing
07 .
1 7= 670
06 0400,

[

AN
03 M{/K 022577 LS
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0./

o2 o o6 08 10 12 4 16 £ 20

F1c. 4. Reduced compression stress o R/Et against unit
end shortening eR/¢, for ¢ = 1.00 and different number of
waves in circumferential direction.
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machine have to move apart. Therefore, the process of
buckling in this region is highly unstable; as a matter
of fact, before the operator has time to separate the end
plates, the shell will jump to the point P (Figs. 4 or 5)
which corresponds to the same end shortening as the
starting point of the buckling process, but to a much
lower compression stress. This jump in equilibrium
position involves a release of elastic energy and thus
explains the rapidity of the buckling process and the
accompaning vibration.

07
b o ,
6R '
7 !
05 / :
y=a529
o4 /4 |
/V//%o.zeq
03 / | 96
0/
- 0/2/
02 // / /ol.i/w/ 0-’3008/
W
0 ¥ P
0 o4 06 06 10 i2

% —

Fi1c. 5. Reduced compression stress oR/Et against unit
end shortening eR/¢, for 4 = 0.50 and different number of
waves in circumferential direction.

It is tacitly assumed in the previous paragraph that
if the system has an equilibrium position corresponding
to the same end conditions, ¢.e., same end shortening,
but involving a lower value of ¢ or a lower value of the
stored elastic energy, a transition to one of these equi-
librium positions will actually take place. This is not
based on any vigorous application of the principles of
mechanics. It is evident that if, for example, the
straight equilibrium position is stable, z.e., all in-
finitesimally near configurations have higher energy,
such a transition can only take place by application of
an external impulse of finite magnitude. However,
it can be assumed that such impulses will always be
present in an experiment performed without extraor-
dinary precaution in this respect, and of course if the
structure is used in service. Then again, if it is as-
sumed that the structure is helped over the “energy
hump” by such external impulse, it cannot be proved
that the jump has to end in the equilibrium position
with the lowest energy level. However, if it is exposed
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to several random impulses, there is a certain probabil-
ity that the position with the lowest energy level will
be the ‘“‘journey’s end.” An approximate calculation
of the elastic energy of the shells’shows that for large
values of eR/t and n < 0.121, the elastic energy of the
narrow waves is higher than that of the square waves
at same value of the end shortening. Therefore,
under such conditions the narrow waves appear to be
less probable. However, for ¢R/¢ near 0.6, and 7 =
0.121 the elastic energy stored in the shell for the
narrow waves is comparable to that for the square
waves at the same value of the end shortening. This
indicates the possibility of the appearance of narrow
waves during the very . initial stages of the buckling
process.

In any case, it is certain that there are equilibrium
positions of a buckled cylindrical shell which involve
much lower average compression stress oR/Ef than
that at the beginning of buckling. For instance, in
the case of square wave pattern, the lowest compression

Fi1G. 6. Lines of equal deflection of wave surfaces.
+1.0 = maximum inward deflection.

Compression in vertical direction
r = 1.00

3 7
1 0 0.876
11 1.00 0.676
IIX 2.00 0.676
Iv 4.00 0.400
\' 16.22 0.100

stress is given by

o t
- = 0.194—

E 2 (40)

Incidentally, this value corresponds closely to most of
the experimental results obtained by L. H. Donnell?
and E. E. Lundquist.”

The corresponding value of the parameter 3 which
determines the number of waves is equal to 0.225.
In case of R/t = 1000, the number of waves, %, will be
15 which also agrees well with the experimental evi-
dence. For this particular value of the radius to
thickness ratio, the number of waves along the circum-
ference decreases from the » = 26 at the beginning of
the buckling to # = 15 at the calculated minimum
buckling stress. This gradual increase in the size of
waves with the unit shortening is also observed by the
experiments reported in an earlier paper.?

It is particularly interesting, however, to trace the
gradual change in the wave pattern during the buckling
process. Figs. 6 and 7 show the lines of equal deflec-
tion of the wave surfaces corresponding to different
equilibrium states for two values of the aspect ratio
of the wave pattern, ¢ = 1.0 and p = 0.5. These
particular equilibrium states are denoted in Figs. 2, 3,
4 and 5 by small circles in order to indicate their rela-

Fig. 7. Lines of equal deflection of wave surfaces.
+1.0 = maximum inward deflection.

Compression in vertical direction

p = 0.500
¢ ]
I 0.00 0.529
11 2.50 0.529
11 5.50 0.289
v 10.00 0.196
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tive position during the buckling process. It is seen
that there is a rapid shift from the rectangular waves
bounded by lines, x = const., and ¥ = const., as pre-
dicted by the classical theory for infinitesimal wave
amplitudes, to staggered rows of circular or elliptical
waves. Whereas, the rectangular waves are directed
alternatively inward and outward, the circular or ellipti-
cal waves are all directed inward. The transition is
practically completed for £ = 4 or 6, s.e., when the
wave amplitude is only 4 or 6 times the thickness of the
shell. The occurrence of such inwardly directed circu-
lar and elliptical waves at this stage of the buckling
process is in good agreement with the experimental ob-
servations.? If the experiment is continued to larger
deflections (£ ~ 60), these staggered waves acquire the
characteristic diamond shape. The present approxi-
mate theory fails to give these sharp diamond shaped
waves. It is obviously not sufficiently exact for such
large deflections. Furthermore, when these diamond
shaped waves occur, the load on the specimen actually
falls to a very low value such as ¢R/E¢ ~ 0.06, whereas
the theory shows a slight increase of the stress at least
for the case u = 1.0. Therefore, the present calcula-
tion can be only considered as a fair approximation to
the earlier stages of buckling when the wave amplitude
is only a few times the thickness of the shell. Neverthe-
less, it reproduces the characteristic features of the
buckling process observed in the laboratory.

THE ErrECT OF THE ELASTIC CHARACTERISTIC OF THE
TESTING MACHINE ON THE BUCKLING PHENOMENON

It was stated in the previous paragraph that the state
of the specimen is determined by the distance between
the end plate and that this distance is the independent
parameter controlled by the experimenter. This state-
ment is correct only insofar the elasticity in the mecha-
nism of the testing machine is neglected.  There is
always a certain amount of elastic deflection in the
loading mechanism and this deflection is a function of
the load. Hence, if, for example, the loading crank is
held at a certain position, the compression force acting
on the specimen will force the end plates apart and thus
reduce the amount of end shortening of the specimen.
The actual shortening is determined by the load-de-
flection characteristics of the specimen and the testing
machine. Assuming that the testing machine has a
linear elastic characteristic, the compression load is
related to the end shortening by parallel straight lines,
each line corresponding to, say, a fixed number of turns
of the loading crank. If the loading crank of the
machine is held at a fixed position, corresponding
values of the compression load and end shortening of
the specimen must lie on the straight line for this crank
position. If the load-end shortening characteristics of
the specimen itself are given, it is evident that the
equilibrium positions of the entire system are deter-
mined by intersections of the curves representing the
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Fi1c. 8. Effect of rigidity of testing machine on behavior
of specimen.
(1) Represents a more rigid machine.
(2) Represents a less rigid machine.

characteristics of the specimen with the straight lines
representing the characteristics of the machine.

Fig. 8 shows representative curves for the character-
istics of the specimen and two families of straight lines
representing the characteristics of two different testing
machines. It is evident that after the maximum or
initial buckling load is reached, the shell will jump to a
new equilibrium position involving much lower com-
pression load. But this new equilibrium position is
determined not only by the load-end shortening re-
lationship and also by the elastic characteristic of the
testing machine. A more elastic machine will give a set
of characteristic straight lines with smaller slopes.
Therefore, in case of curve A (Fig. 8), a more elastic
machine will make the shell to jump to a higher load,
while in case of curve B, a more elastic machine will
make the shell to jump to a lower load. This influence
of the elasticity of the testing machine has been dis-
cussed by the senior author in connection with the
plastic buckling of columns.®

CONCLUSIONS

In the previous paragraphs, the authors have shown
that there are equilibrium positions with buckled
shape involving much lower load than the buckling
load predicted by the classical theory, and thus if the
specimen is slightly imperfect, it is reasonable to expect
much lower buckling loads. They have also pointed
out that the elastic characteristic of the testing ma-
chine might have quite a large influence on the buckling
process and this might be another cause of the large
scattering of the data obtained by different experi-
menters. However, due to the complexity of the
problem, the results given in this paper can be only
considered as a rough approximation and most of the
statements made are qualitative rather than quantita-
tive. To put the new theory on a solid footing, a more
accurate solution of the differential equations of equi-
librium is necessary. Particular attention must be
given to the calculation of the elastic energy stored in
the shell, because it is found that the most probable
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equilibrium depends on the magnitude of the elastic
energy stored in the wvarious equilibrium positions
compatible with the constraint exerted by the loading
process.

Furthermore, an inquisitive mind will, perhaps, be
pleased by a rigorous proof of the validity of all the
large deflection equations. These equations are
established by intuitive arguments, not by systematic
reasoning. For instance, due to the appearance of
sharp curvatures in the diamond shaped wave surfaces
at large deflections, it is not certain whether the curva-
ture of the shell has to be calculated more accurately
by taking into account the second order terms, or the ex-
tensions of the median surface should be more ac-
curately determined. It is the belief of the authors
that an investigation of these problems by starting from
the general non-linear theory of elasticity developed by
G. Kirchhoff, J. Boussinesq and others is very desirable.
The recent work by R. Kappus® is a noteworthy con-
tribution in this field of investigation. The senior
author has already expressed this opinion in his 1939
Gibbs Lecture® given before the American Mathe-
matical Society.
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